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Non-Abelian (NA) fractional topological states with quasi-particles obeying NA braiding statistics
have attracted intensive attentions for both its fundamental nature and the prospect for topological
quantum computation. To date, there are many models proposed to realize the NA fractional
topological states, such as the well-known Moore-Read quantum Hall states and the Non-Abelian
fractional Chern insulators (NA-FCIs). Here, we investigate the NA-FCI in disk geometry with
three-body hard-core bosons loaded into a topological flat band. This stable ν = 1 bosonic NA-FCI
is characterized by the edge excitations and the ground-state angular momentum. Based on the
generalized Pauli principle and the Jack polynomials, we successfully construct a trial wave function
for the NA-FCI. Moreover, a ν = 1/2 Abelian FCI state emerges with the increase of the on-site
interaction and it can be identified with the help of the trial wave function as well. Our findings
not only lead to an optimal wave function for the NA-FCI, but also directly provide an effective
approach for future researches on paired topological states.
Introduction.— One of the most fascinating features
in the fractional quantum Hall (FQH) states [1–5] is
that quasi-particles obey the Abelian and non-Abelian
braiding statistics. Especially, the non-Abelian fractional
quantum Hall (NA-FQH) states [2–5] have attracted in-
tensive attentions and great interests for its fundamental
nature and the prospect of topological quantum compu-
tation [6, 7]. One well-known NA-FQH system is the
Moore-Read state [2] with the filling factor ν = 5/2
which is considered as a p-wave paired state [8]. Ev-
idences of Moore-Read state have been experimentally
observed [9] decades ago, however, the precise nature of
this paired state is still in debate. There are many ap-
proaches to identifying the Moore-Read state, including
the trial wave function (WF) [2], the edge excitation [10–
13], the braiding statistics [2, 14], the entanglement en-
tropy [15, 16], etc. Among them, the trial WFs pro-
vide the key to understanding the nature of NA-FQH
states. Fortunately, trial WF of Moore-Read state with
a simple analytic expression has been proposed from a
conformal field theory perspective [2]. Similar to the
Laughlin WFs, the Moore-Read state can be decomposed
into anti-symmetric Slater determinants (for fermions) or
symmetric monomials (for bosons) with the help of the
Jack symmetric polynomials (Jacks) [17–20], which nat-
urally reflects the generalized Pauli principle (GPP) [21–
24] in the Fock space. The GPP and the Jacks have been
extended [25, 26] to the lattice analogs of FQH states in
the absence of external magnetic field, which are named
fractional Chern insulaors (FCIs) [27–51].
Recently, Abelian FCIs have been systematically inves-
tigated with interacting particles loaded into the topolog-
ical flat bands (TFBs) [27–35, 50, 51]. Interestingly, there
are some proposals to realize the bosonic FQH states
in lattice models based on the chiral spin states [52–
57]. Meanwhile, various ways to construct the trial WFs
for the Abelian FCIs have been proposed based on the
one-to-one mapping relationship [36] between the FQH
states and the FCIs with analytical, semi-analytical [36–
38] or purely numerical approaches [25, 26]. In terms
of the GPP and the Jacks, optimal trial WFs for the
Abelian FCIs with interacting particles filling in the
TFBs have been constructed successfully [25, 26]. This
direct and effective prescription has been extended to
construct the geometry-dependent ν = 1/2 FCI of hard-
core bosons [26]. Furthermore, it has been used to ex-
plore and identify some exotic FCI states [58]. Beyond
the Abelian FCIs, non-Abelian FCIs (NA-FCIs), espe-
cially the ν = 1/2 fermionic and ν = 1 bosonic NA-
FCIs [30, 39–42, 49, 59–61], have been studied with inter-
acting particles filling in TFBs. Several numerical studies
have provided convincing evidence of these Pfaffian-like
NA-FCIs in TFBs with three-body [30, 39–41, 49, 60, 61]
or long-range two-body interaction [42, 59]. The NA-
FCIs have been investigated on torus geometry which
are characterized by quasi-degeneracy of ground states
(GSs), many-body Chern number associated with the
GSs, robust bulk excitation spectrum gap and even en-
tanglement entropy [30, 39–42, 59–61]. The optimal trial
WFs [25, 26, 36–38, 58] and edge excitations [48, 49] are
usually considered as a very powerful method to explore
the FCIs. However, neither the optimal trial WFs for
the NA-FCIs nor the edge excitations of the NA-FCIs
are reported in disk geometry to date.
In this paper, we investigate the NA-FCI in disk ge-
ometry with three-body hard-core bosons loaded into a
TFB Kagome´ lattice by using the exact diagonalization
(ED) method. We find convincing numerical evidence
of the stable ν = 1 bosonic NA-FCI in disk geometry,
characterized by the very clear edge excitation spectra,
the degeneracy sequence and the angular momentum of
the GS. The quasi-degeneracy sequences of edge excita-
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FIG. 1. (color online). A 72-site Kagome´ disk loaded with
three-body hard-core bosons. There are no more than 2
bosons occupying in one site, and the two-body on-site in-
teraction U is added in every sites.
tions for the NA-FCI are directly observed with the ED
studies and well predicted by the GPP. Interestingly, dif-
ferent quasi-degeneracy sequences are observed with even
and odd boson numbers. The angular momentum of the
GS configuration is counted with the help of the GPP as
well. Based on the GPP and the Jacks, we construct the
trial WFs of the ν = 1 bosonic NA-FCI in disk geometry.
The high value of the WF overlaps identifies this stable
ν = 1 bosonic NA-FCI and demonstrates the feasibility
of our method. Moreover, we obtain a ν = 1/2 Abelian
FCI state with the proper on-site repulsive interaction.
We systematically explored the Pfaffian-like NA-FCI in
disk geometry, and proposed several effective approaches
to studying more topological paired states directly.
Models.— We consider the TFB Kagome´-lattice model
with three-body hard-core bosons in disk geometry. The
Hamiltonian can be written as [30],
H =− t
∑
〈rr′〉
[
b†
r
′br exp (iφr′r) + H.c.
]
− t′
∑
〈〈rr′〉〉
[
b†
r
′br +H.c.
]
+
U
2
∑
r
nr (nr − 1) (1)
where b†
r
(br) creates (annihilates) a three-body hard-
core boson at site r satisfying
(
b†
r
)3
= 0 that no more
than 2 bosons occupying in any site are allowed (shown
in Fig. 1), and (br)
3
= 0 [30]. 〈...〉 and 〈〈...〉〉 denote the
nearest-neighbor (NN), the next-nearest-neighbor (NNN)
pairs of sites. Here, we choose the TFB parameters for
the Kagome´-lattice model, i.e. t = 1.0, t′ = −0.19 and
φ = 0.22pi. U is the two-body on-site interactions (shown
in Fig. 1). Clearly, U/t → ∞ corresponds to the two-
body hard-core bosons, and a possible 1/2 FCI state may
emerge with adding the strength of on-site interaction U .
Following the previous works [25, 26, 48], an addi-
tional trap potential is required in the finite-size sys-
tems to obtain the clear edge excitation spectra of FCIs.
Here, we choose a harmonic trap with the form V =
Vtrap
∑
r
|r|2nr where Vtrap is the trap potential strength
and |r| is the site position distance from the center of
the lattice disk [25, 26, 48]. Root configurations of the
stable ν = 1 NA-FCI are |20202...202〉 (for even bo-
son numbers) and |20202...201〉 (for odd boson numbers).
Different from the GS configuration of bosonic 1/2 FCI
|10101...101〉, there are two root configurations with par-
ity of particle number. These root configurations both
obey the GPP. And there is a clear branch of edge ex-
citations. However, the quasi-degeneracy sequences are
different.
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FIG. 2. (color online). Edge excitations of the ν = 1 NA-FCI
states in disk geometry with 42 sites and the trap potential
Vtrap = 0.0035. Various numbers of bosons fill into the TFB
Kagome´ lattice, and from (a) to (d), the numbers of filling
bosons are Nb = 4, Nb = 5, Nb = 6, and Nb = 7. Numbers
labeled upon low-energy levels in each sector show the quasi-
degeneracy of low edge excitations.
Edge excitations.— The bulk-edge correspondence is
a key feature of the FQH states [10–13] and FCIs [25,
26, 48, 49]. The quasi-degeneracies of FQH states are
coincident well with the prediction from the chiral Lut-
tinger liquid theory [10, 11]. Edge excitations for the
ν = 1/m FCIs have been directly observed in disk and
singular lattices [25, 26, 48]. Although the number of
edge excitation branches is different in disk and singu-
lar geometries, the quasi-degeneracy sequences in every
branch are the same, i.e. 1,1,2,3,5,7... and configura-
tions of edge excitations in every branch fulfill the GPP
3that no more than one particle occupy the m consecu-
tive orbitals. Based on the GPP and the Jacks, the edge
excitations spectra of FCIs have been estimated in disk
geometry [25]. Unlike edge excitations for the ν = 1/m
FQH states, quasi-degeneracy sequences of Moore-Read
states are 1,1,3,5,10,... (with even particle numbers) and
1,2,4,7,13,... (with odd particle numbers) [10, 11]. Edge
excitations for Pfaffian state have been obtained by us-
ing ED studies [13] and constructed with the aid of the
Jacks [62]. Moreover, entanglement spectra provide an-
other way to explore the properties of edge excitations
for the NA-FQH states and NA-FCIs in torus geometry
indirectly [16, 49, 60, 61]. Nevertheless, edge excitations
for the NA-FCI in disk geometry have not been studied
directly to date.
We investigate edge excitations for these FCIs with
various numbers of three-body hard-core bosons filing
into the 42-site TFB Kagome´-lattice disk with the trap
potential Vtrap = 0.0035. One branch of clear edge ex-
citation spectra is observed in our ED results shown in
Fig. 2 with various numbers of bosons. There are two
different quasi-degeneracy sequences, i.e. 1,1,3,5,... [with
the even boson numbers, shown in Fig. 2 (a) and (c)] and
1,2,4,7,... [with the odd boson numbers, shown in Fig. 2
(b) and (d)] which correspond to the quasi-degenerate se-
quences of Moore-Read states. In addition, the angular
momenta of GS can reflect the information of root con-
figurations which are analyzed from the GPP. We have
check the angular momenta of GS with the root con-
figurations |2020...202〉 (for even boson number cases)
and |2020...201〉 (for odd boson number cases). They
are in good accordance with our ED results (more de-
tails shown in Supplement. S2). Based on the GPP, the
root configurations of edge excitations in every sector
have been counted, and the results correspond with the
quasi-degeneracy of our ED results (more details shown
in Supplement. S2). Heuristically, we conjecture that
these FCIs are the bosonic ν = 1 NA-FCI. Following the
previous works [25, 26, 58], optimal trial WFs can be
used to identify the FCIs. To verify our conjecture, we
construct the trial WF for the NA-FCI.
Optimal trial wave functions.— Base on the GPP and
the Jacks, optimal trial WFs for FCIs have been con-
structed in disk and singular geometries [25, 26, 58] which
can be used to identify different FCI states. According
to the quasi-degeneracy sequences of the edge excitations
and the angular momenta of the GS, we conjecture that
these exotic FCI states are the bosonic ν = 1 NA-FCI
which can be identified by the optimal trial WFs. Here,
we first consider the WFs of bosonic ν = 1 Moore-Read
state in an infinite-size disk with complex positions {zi}
as [2],
ΨMR({zi}) = Pf(
1
zi − zj
)
∏
i<j
(zi − zj)e
−
∑
i
|zi|
2
4 . (2)
Here, the Pfaffian (Pf) is defined by
PfMij =
1
2N(N/2)!
∑
σ
sgnσ
N/2∏
k=1
Mσ(2k−1)σ(2k). (3)
M is an N ×N antisymmetric matrix with the element
Mij . Pf(
1
zi−zj
) in Eq. 2 is equal to A( 1z1−z2
1
z3−z4
...),
where A is the anti-symmetric operation (we show the
specific form in Supplement. S1 with finite number of
bosons). Similar to the Laughlin states, this bosonic
Moore-Read state can be decompose into symmetric
monomials (the Jacks basis) based on the Jacks [17–
20], i.e. the normalized ΨNMR({zi}) =
∑
k c
N
k Ψ
J
k ({zi}).
ΨJk ({zi}) is the Jacks basis and |c
N
k |
2 is the probability
of the kth Jacks basis (more details shown in Supple-
ment. S1).
There is a mapping relationship between the FQH
states and the FCIs, and bsaed on this mapping rela-
tionship [36], trial WFs for ν = 1/m FCI have been con-
structed in the cylinder, torus , disk and even singular
geometries [25, 26, 36–38]. However, the optimal trial
WF for the NA-FCI has not been studied in disk geome-
try. Here, we make the bold conjecture that the mapping
relationship between the NA-FQH states and the NA-
FCIs still exist and the optimal trial WF for the ν = 1
NA-FCI Ψν=1FCI ({zi}) can be constructed based on the
GPP, the Jacks and the single-particle states{ψm}. We
first construct the soft-core bosonic FCI WF Ψν=1SCB({zi})
with the GS root configuration |202020...0202〉 (even bo-
son numbers) and |202020..0201〉 (odd boson numbers),
i.e. Ψν=1SCB({zi}) =
∑
k c
N
k Ψk({zi}), where Ψk({zi}) is
a many-particle WF with free bosons and |cNk |
2 is the
proportion of the kth Jacks basis. In order to reflect the
peculiarity of three-body hard-core bosons, the trial WFs
are constructed with the help of the effective projection
operator,
Ψν=1FCI = NFCIP̂ΨSCB. (4)
Here, P̂ =
∏
i,j,k(1− δi,jδj,kδk,i) is a projection operator
which more than two particles are not allowed to occupy
in the same site with i, j, k marking the site position. δi,j
is the Kronecker delta function. The trial WFs can be
constructed after normalizing the projection WFs with a
normalization coefficient NFCI.
We compare the trial WF of this ν = 1 FCI and the
ED result through calculation of the WF overlap, i.e.
O = |〈ΨED({zi})|Ψν=1FCI ({zi})〉|. Values of WF overlap
are 0.978, 0.960, 0.958 and 0.944 for the NA-FCI systems
with Nb = 3, 4, 5, and 6 bosons shown in Table. I. Here, a
42-site Kagome´ disk with the trap potential Vtrap = 0.005
is chosen. The WF overlap is higher than 0.94, even the
dimension of Hilbert space is more than 107. The FCI
with three-body hard-core bosons is indeed the stable
ν = 1 NA-FCI according to the high values of the WF
overlap. With the help of the GPP and the Jacks, our
approach can not only construct the optimal trial WF for
the NA-FCI successfully, but also reduce the dimension
4Nb DED DJack O
3 C342 + C
1
42C
1
41 (13202) 2 0.978
4 C442 + C
1
42C
2
41 +C
2
42 (147231) 3 0.960
5 C542 + C
1
42C
3
41 +C
2
42C
1
40 (1332828) 9 0.958
6 C642 + C
1
42C
4
41 + C
2
42C
2
40 + C
3
42 (10182186) 16 0.944
TABLE I. Overlap between the optimal Jack WFs and the ED
WFs of the ν = 1 FCI. The values of the overlap for the GS
(O) are listed for different boson numbers Nb. We compare
the dimensions between the ED and the Jacks, and DED and
DJack denote the dimensions of the ED and the Jack WFs.
of Fock space greatly. The dimension of Hilbert space
with ED studies is DED =
∑
iC
n2,i
Ns
C
n1,i
Ns−n2,i
in a Ns-site
disk geometry. Here, n1,i and n2,i denote the number of
lattice sites filled with one and two bosons, and the num-
ber of total bosons is Nb = n1,i + 2n2,i. We have shown
these dimension DED in Table. I (with the max dimen-
sion more than 107). However, the max dimension of the
Jacks basis (with 6 bosons) is only 15 which is less than
the dimension of ED results. The trial WFs for more
than 6 bosons can be obtained with the help of the GPP
and the Jacks. Meanwhile, the real-space density ρ(r) of
the NA-FCI is predicted based on the occupation den-
sity in the mth orbital ρm and the single-particle states
{φm(r)} (more details shown in Supplement. S3).
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FIG. 3. (color online). The emergence of possible 1/2 FCI
state with the increased U for the 42-site disk with 3 (a), 4 (b),
5 (c) and 6 (d) bosons with the trap potential Vtrap = 0.005.
The angular momentum (L) of every GS energy has been
marked. We plot some vertical lines through the crossing
point of GS energy. “NA” and “1/2” denote the ν = 1 NA-
FCI and the ν = 1/2 FCI.
1/2 FCI state.— The ν = 1 NA-FCI has been observed
in the TFB models with three-body hard-core bosons and
without the on-site interaction U , i.e. U = 0. When the
on-site interaction U is chosen as U/t → ∞, two bosons
can not occupy in the same sites which corresponds to
the two-body hard-core interaction. Following the previ-
ous works [28, 48], a bosonic 1/2 FCI has been observed
only with two-body hard-core bosons. Therefore, the 1/2
Abelian FCI state may be observed by tuning the on-site
interaction U . With the increase of U , the GS energy
crossing emerges (shown in Fig. 3) which implies that
the possible 1/2 FCI state can be obtained.
We choose a state far away from the NA-FCI region
and check its angular momentum of GS. For example,
based on the GPP, the GS angular momentum of a 1/2
FCI with 4 bosons is “L = (5+1+3+5) mod 6 = 2”
(with root configuration |1010101〉) and we find that the
GS angular momentum of this state in the last region of
Fig. 3 (b) is in good accordance with the 1/2 FCI state.
Other situations with different numbers of bosons have
been checked as well. We conjecture that this state in
the last region of Fig. 3 is a 1/2 FCI state. There is a
clear branch of edge excitations with quasi-degeneracy
“1,1,2,3...” (more details shown in Supplement. S4) of
this state. This state was further completely identified
as a 1/2 FCI state with the help of its optimal trial WF.
This trial WF of 1/2 FCI state can be constructed based
on the GPP and the Jacks [25, 26] as well. Values of the
WF overlap are O(Nb = 3, U = 0.45) = 0.988, O(Nb =
4, U = 1.0) = 0.991,O(Nb = 5, U = 1.5) = 0.966 withNb
bosons and various on-site interactions U . This state is
indeed the 1/2 bosonic FCI. We have also shown the NA-
FCI and 1/2 FCI WFs overlap with tuning the on-site
interaction U (more details shown in Supplement. S4).
From our ED study, we obtain a remarkably robust ν = 1
NA-FCI state, and meanwhile, by tuning the on-site in-
teraction U , the 1/2 FCI state is observed. However,
some uncertain intermediate states emerge between the
NA-FCI state and the 1/2 FCI state shown in Fig. 3.
There is no clear edge excitations of these states (more
details shown in Supplement. S4). These uncertain in-
termediate states remain to be further discussed.
Summary and discussion.— We have studied the FCI
with three-body hard-core bosons filling into the TFB
Kagome´ lattice in disk geometry. With the ED results, a
clear branch of edge excitations is observed and the quasi-
degeneracy sequences with particle parity correspond to
the Moore-Read states, i.e. 1,1,3,5,10...for even boson
numbers and 1,2,4,7,13...for odd boson numbers. This
FCI is identified by the GS angular momenta and the
trial WF. The optimal trial WF can be constructed based
on the GPP and the Jacks. On one hand, the FCI states
are viewed as the stable ν = 1 NA-FCI with the high
values of WFs overlap, on the other hand, a direct and
effective approach are proposed to explore the NA-FCI.
Furthermore, a 1/2 Abelian FCI state emerges with the
increase of the on-site repulsive interaction. Our find-
ings can open up several future researches on FCIs. How
to characterize the uncertain intermediate states between
the NA-FCI and the 1/2 FCI in Fig. 3 and identify them.
Other exotic paired states of FCIs have been rarely re-
ported, such as the Gaffnian-like FCIs and Parafermion-
type FCIs. Geometry-dependent FQH [63] and Abelian
FCI [26] states have been proposed in curved geome-
5tries [64], however, geometrical description of NA-FCIs
and other paired FCIs are not considered to date. In
addition, the anti-Pfaffian states [65, 66] have attracted
more interests and these anti-Pfaffian-like states are ex-
pected to be realized in FCIs.
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SUPPLEMENTARY MATERIALS FOR
“NON-ABELIAN FRACTIONAL CHERN
INSULATOR IN DISK GEOMETRY”
In the main text, we study fractional Chern insulators
(FCIs) with three-body hard-core bosons in disk geome-
try with topological flat band (TFB) parameters. These
FCI states are the stable ν = 1 non-Abelian FCI (NA-
FCI) which are characterized by the edge excitations and
the ground-state (GS) angular momentum. We construct
the optimal trial wave function (WF) for the NA-FCI and
high WF overlap values show the stability of the NA-
FCI and the feasibility of our trial WFs. Furthermore, a
1/2 Abelian FCI state emerges with the increase of the
on-site interaction U . In this part, we will show some
details about the Moore-Read states, the explanation of
the edge excitations, counting the GS angular momenta,
the density profile with more bosons and other way to
distinguish the ν = 1 NA-FCI and the ν = 1/2 FCI.
S1. MOORE-READ STATES AND ITS
EXPANSION
The WF for the Moore-Read state has been shown
in Eq. 2 with the Pfaffian algebra. The Pfaf-
fian can be denoted as the anti-symmetric opera-
tion, i.e. Pf( 1zi−zj ) = A(
1
z1−z2
1
z3−z4
...). Firstly, we
take four bosons as an example, ΨMR(z1, z2, z3, z4) =
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can be rewritten as Ψ
(4)
MR = (+1)Ψ202 + (−1)Ψ121 +
(+6)Ψ040 by using root configuration |202〉, here, Ψ202 =
z21z
2
2z
0
3z
0
4 + z
2
1z
2
3z
0
2z
0
4 + z
2
1z
2
4z
0
2z
0
3 + z
0
1z
0
3z
2
2z
2
3 + z
0
1z
0
3z
2
2z
2
4 +
z01z
0
2z
2
3z
2
4 , Ψ121 = z
2
1z
1
2z
1
3z
0
4 + z
2
1z
1
2z
0
3z
1
4 + z
2
1z
0
2z
1
3z
1
4 +
z22z
1
1z
1
3z
0
4 + z
1
1z
2
2z
0
3z
1
4 + z
0
1z
2
2z
1
3z
1
4 + z
0
4z
2
3z
1
1z
1
2 + z
2
3z
1
1z
1
4z
0
2 +
z01z
2
3z
1
2z
1
4 + z
2
4z
1
1z
2
2z
0
3 + z
2
4z
1
1z
1
3z
0
2 + z
0
1z
2
4z
1
2z
1
3 and Ψ040 =
z11z
1
2z
1
3z
1
4 . Then we consider the 3-boson Moore-Read
WFs. Ψ
(3)
MR(z1, z2, z3) = (
1
z1−z2
− 1z1−z3 +
1
z2−z3
)[(z1 −
z2)(z1−z3)(z2−z3)] = (+1)(z21z
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3). And it can be write as
Ψ
(3)
MR = (+1)Ψ201 + (−1)Ψ120. However, expanding the
Moore-Read state with more than 4 particles is very dif-
ficult. Fortunately, the Jacks provide an effective way to
decompose Moore-Read state into symmetric monomials
(for bosons) or anti-symmetric Slater determinants (for
fermions) [17–20], i.e. the non-normalized ΨMR({zi}) =∑
k ckΨ
J
k ({zi}). These basis states Ψ
J
k ({zi}) and the
expansion coefficients ck can be obtained with the aid
of “squeezing rule” and a recurrence relation [17–20].
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FIG. S1. (color online). Root configurations of the low-energy
excitation modes with 6 bosons filling into TFB orbitals.
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FIG. S2. (color online). Root configurations of the low-energy
excitation modes with 7 bosons filling into TFB orbitals.
The Moore-Read state can be normalized ΨNMR({zi}) =∑
k c
N
k Ψ
J
k ({zi}) with the normalized coefficients c
N
k , and∑
k |c
N
k |
2 = 1.
S2. COUNTING THE QUASI-DEGENERACY
SEQUENCES
The edge excitations of 1/2 and 1/3 FCIs have been ob-
served in disk geometry with the same quasi-degeneracy
sequences, 1,1,2,3,5,7,11... [25, 48]. And these quasi-
degeneracy sequences can be explained in view of the
Jacks [48]. Here, we show how to count the quasi-
degeneracy sequences with the Jacks and we list the
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FIG. S3. (color online). The real-space density profile of the
Moore-Read states and the ν = 1 NA-FCI states. r is the
distance from the center of the circle.
root configurations of the low-energy excitation modes
based on the generalized Pauli principle (GPP). For a
TFB Chern insulator with adding the trap potential in
Kagome´ disk, the angular momentum is 5 [25, 26, 48].
We consider 6 and 7 bosons filling into TFB orbitals,
and the root configurations of the low-energy excitations
are shown in Fig. S1 and Fig. S2. The root configurations
of edge excitations can be denoted with “0”, “1” and “2”,
which “0” means no bosons, “1” denotes that only one
boson occupies in an orbital and “2” denotes that two
bosons occupies in an orbital. For the 6 bosons filling into
TFB orbials, the root configuration of GS is |20202〉 with
total angular momentum 18(mod 6) which is fully con-
sistent with the result shown in Fig. 2 (c). Based on the
GPP, root configurations of several excited states have
been listed in Fig. S1, and the quasi-degeneracy sequence
is 1,1,3,5... which corresponds to the edge excitations of
the Moore-Read state with even particle numbers.
Another case which we have considered is the ν = 1
NA-FCI filling with odd particle numbers. Here, we
take 7 bosons as an example. The root configuration
of the GS is |2020201〉. Considering bosons fill into the
TFB orbitals with the first angular momentum 5, the
total angular momentum of this NA-FCI is 23 (mod
6), which is as well fully consistent with the result
shown in Fig. 2 (d). Part of root configurations of ex-
cited states can be counted with the aid of the GPP
(shown in Fog. S2) and the quasi-degeneracy sequence
is 1,2,4,7, .... These Moore-Read-like states with odd
particle numbers can be viewed as a combination of the
Pfaffian-like states with even particle numbers and the
Laughlin-like states. The quasi-degeneracy sequence is
“{1,1,3,5,10,...}+{0,1,1,2,3,...}”, i.e. “1,2,4,7,13...”.
S3. DENSITY PROFILE OF THE ν = 1 NA-FCI
Moore-Read state can be expanded based on the
Jacks, and the real-space density profile ρ(r) can be
written with the help of the Jacks, i.e. ρ(r) =∑
m
1
2mm!r
2m exp(− r
2
2 )ρm, and here ρm denotes the oc-
cupation density in the mth orbital. The real-space den-
8sity of Moore-Read states has shown in Fig. S3 with 10-
16 bosons filling in Landau levels. In the main text, we
have show the ED results with 7 bosons, however, the
NA-FCI with more than 7 bosons can not be obtained
easily by using ED studies. Fortunately, we provide a di-
rect and effective method to construct the optimal trial
WFs with the GPP and the Jacks. Meanwhile, inspired
by the real-space density profile of Moore-Read state,
the density of the ν = 1 NA-FCI can be obtained as
ρ(r) =
∑
m |φm(r)|
2ρm with the single particle states
{φm}. Here, we can obtain the density profile up to 16
bosons shown in Fig. S3(b). The Kagome´ lattice has
three energy bands, and interaction bosons only occupy
in the lowest band (i.e.the TFB), thus the particle den-
sity of the ν = 1 NA-FCI state is about 1/3 near the
center of the disk.
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FIG. S4. (color online). Values of WF overlap (O) between
the trial WFs and ED results with tuning the on-site interac-
tion U.
S4. WAVE-FUNCTION OVERLAP AND
LOW-ENERGY EXCITATIONS OF VARIOUS
STATES
FCIs with various filling factors can be revealed in view
of the trial wave function (WF) as well. We have shown
the values of ν = 1 and ν = 1/2 WF overlap with tuning
the onsite interaction U in Fig. S4 (with 3-, 4- and 5-
bosons). Here, high values of WF overlap can identify
the ν = 1 NA-FCI and the Abelian ν = 1/2 FCI. As we
all know, the 1/2 FCI has a clear branch of energy exci-
tations with a quasi-degeneracy order “1,1,2,3...”. When
the on-site interaction is large enough, an ordered edge
excitation emerge with three-body bosons loaded into the
TFB (shown in Fig. S5 (a)) which is characterized by the
1/2 FCI. With the aid of the trail WFs, we identified
this phase as the 1/2 FCI. However, between the ν = 1
NA-FCI region and the 1/2 FCI region, there are some
uncertain intermediate states without clear branches of
edge excitations (shown in Fig. S5 (b)-(d)). These exotic
states remain to be further discussed.
90 1 2 3 4 5
−6.7
−6.6
−6.5
−6.4
−6.3
−6.2
−6.1
E
(a),Nb=3,U=2.0
0 1 2 3 4 5
−6.70
−6.65
−6.60
−6.55
−6.50
−6.45
−6.40
−6.35
−6.30
(b),Nb=3,U=0.2
0 1 2 3 4 5
L
−8.80
−8.75
−8.70
−8.65
−8.60
−8.55
−8.50
E
(c),Nb=4,U=0.4
0 1 2 3 4 5
L
−10.80
−10.75
−10.70
−10.65
−10.60
−10.55
−10.50
(d),Nb=5,U=0.8
FIG. S5. (color online). Low-energy excitations of states
with different interaction U . (a). Edge excitations of the FCI
states with quasi-degeneracy “1,1,2,3...”. (b)-(c) Low-energy
excitations of uncertain intermediate states.
